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Charge transport through molecular junctions is often described either as a purely coherent or a purely
classical phenomenon, and described using the Landauer–Bu¨ttiker formalism or Marcus theory, respectively.
Using a generalised quantum master equation, we here derive an expression for current through a molecular
junction modelled as a single electronic level coupled to a collection of thermalised vibrational modes. We
demonstrate that the aforementioned theoretical approaches can be viewed as two limiting cases of this
more general expression, and present a series of approximations of this result valid at higher temperatures.
We find that Marcus theory is often insufficient in describing the molecular charge transport characteristics
and gives rise to a number of artefacts, especially at lower temperatures. Alternative expressions, retaining
its mathematical simplicity but rectifying those shortcomings, are suggested. In particular, we show how
lifetime broadening can be consistently incorporated into Marcus theory, and we derive a low-temperature
correction to the semi-classical Marcus hopping rates. Our results are applied to examples building on
phenomenological as well as microscopically-motivated electron-vibrational coupling. We expect them to be
particularly useful in experimental studies of charge transport through single-molecule junctions as well as
self-assembled monolayers.
I. INTRODUCTION
In the last twenty years single-molecule electronics has
transformed from an exotic to a well-established, fast-
developing field.1,2 This transition has been predomi-
nantly driven by enormous technological progress in the
fabrication of single-molecule junctions (SMJs). These
devices comprise an individual molecule spanning a gap
between two metallic electrodes. Such a setup allows
for the passing and measuring of the electric current
flowing through the studied structure. There currently
exists a number of techniques which can be used to
fabricate SMJs. Historically, methods utilising Scan-
ning Tunnelling Microscopy have perhaps been the most
important.3–6 Over the years, various other techniques
have been developed, based on: break-junctions,7–9
electro-migrated gold electrodes,10,11 electroburnt12–15
and etched graphene nano-junctions.16–18 Some of these
device geometries feature a so-called gate electrode,
which allows for electrostatic control of the molecule.
This enables operation in the resonant transport regime,
where the molecular energy levels lie within the bias win-
dow, and the non-resonant regime, where they are outside
it.
Electron-vibrational (electron-phonon) interactions
can play a significant role in charge transport through
molecular junctions.19 In the off-resonant regime these
effects are typically relatively modest but they can have
an enormous influence on the resonant transport char-
acteristics. The theory of vibrational effects in resonant
a)Electronic mail: jakub.sowa@materials.ox.ac.uk
transport is by now quite well developed. Intermediate
and strong coupling to individual molecular vibrational
modes typically gives rise to steps in the IV character-
istics (or peaks in the differential conductance).10,20–22
It has further been shown that these interactions can re-
sult in a breadth of other phenomena including: negative
differential conductance, rectification and current block-
ade (known as the Franck–Condon blockade).23–28 Inter-
actions with a collection of thermalised modes (weakly
coupled molecular modes or modes in the solvent or the
substrate) do not induce similarly clear signatures in the
current-voltage characteristics. Their influence is usu-
ally studied by considering the temperature dependence
of the transport behaviour.29–33
In spite of the advancements in the field, experimen-
tal measurements of charge transport through molecular
junctions remain challenging. The main issue continues
to be the reproducibility of results between different junc-
tions comprising the same molecular structures. This
problem is inherent to single-molecule measurements and
stems mainly from differences in the microscopic struc-
ture of the leads, variability in the molecule-lead con-
tacts, and geometric distortions of the deposited molec-
ular structures. As the result, there currently exists a
dissonance between the theoretical modelling of (inelas-
tic) resonant transport and the majority of experimen-
tal studies on the topic. The analysis in the latter is
often limited to qualitatively identifying the vibrational
features,15,34–36 as reproducing the full IV characteristics
has often proven to be problematic (with a few notable
exceptions20,37). This is clearly unsatisfactory, and there-
fore there exists a need for a simple theoretical frame-
work which captures the relevant transport phenomena
2FIG. 1. Schematic illustration of the main conceptual result
of this work. T denotes the temperature of the system, kB is
the Boltzmann constant, Γ is the lifetime broadening, and ωc
is the cut-off frequency of the phonon bath.
(beyond single-vibrational-mode models) at the minimal
required level of complexity.
The objective of this work is to arrive at an expression
for the steady-state electric current through a weakly-
coupled molecular junction in the resonant transport
regime which will capture the effects of vibrational cou-
pling and lifetime broadening, and also account for the
charge state of the molecular system. We shall achieve
this using a relatively simple generalised quantum master
equation.38 Although there currently exist a number of
sophisticated theoretical approaches that have achieved
the goal set out above (most notably methods using
Hierarchical Equations of Motion),39–42 their complex-
ity typically restricts their use in explaining the exper-
imental measurements. The second goal of this work is
to derive a number of approximate expressions valid at
higher temperatures which can be very easily computed
or perhaps even fitted to empirical data. We will fo-
cus on vibrational effects in short molecular junctions
(modelled as a single site) although the crucial role of
electron-phonon coupling in charge transport through
longer molecular wires, DNA, and similar structures has
also been demonstrated.29,32,43–47
This work is organised as follows. In Section II, we
outline the theoretical model used in this study. Subse-
quently, in Section III, we derive and discuss a compact
expression for the electric current flowing through the
junction. As mentioned above, it will be obtained us-
ing the generalised quantum master equation (GQME)
in the polaron-transformed frame. Section IV discusses
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FIG. 2. A graphical illustration of the system studied in this
work. We model the molecular junction as a single electronic
level coupled to a collection of thermalised vibrational modes,
as well as the left (L) and right (R) electrode. Vb denotes the
bias potential, µL and µR are the chemical potentials of the
left and right electrode, respectively.
approximate expressions of this result valid in various pa-
rameter regimes. As we shall demonstrate, a number of
simplifications of the expression from Section III can be
obtained for increasing temperature resulting in a tiered
theoretical approach, schematically pictured in Fig. 1.
These results are further discussed and summarised in
Section V.
II. MODEL
Our theoretical model is schematically pictured in
Fig. 2, and described by the following Hamiltonian (we
set ~ = 1 throughout):
H = HS +HSE +HE +HSB +HB . (1)
We assume that the molecule possesses a single electronic
energy level with the creation (annihilation) operator a†0
(a0) and energy ε0:
HS = ε0 a
†
0a0 . (2)
The position of the energy level in question, with respect
to the Fermi energies of the unbiased electrodes, can be
altered by applying the gate potential Vg: ε0 = ε00−|e|Vg
where e is the electron charge. The left (L) and right (R)
electrodes are described by
HE =
∑
l=L,R
∑
kl
ǫklc
†
kl
ckl , (3)
where c†kl (ckl) is the creation (annihilation) operator for
the electron in the level kl with energy ǫkl in the lead
l. The molecule-lead coupling is described by the usual
tunnelling Hamiltonian:
HSE =
∑
l=L,R
∑
kl
Vkla
†
0ckl + V
∗
klc
†
kl
a0 , (4)
where Vkl is the coupling strength. Furthermore, the
electronic degree of freedom is coupled to a collection of
3thermalised vibrational modes (a phonon bath) which are
modelled as harmonic oscillators with frequencies ωq and
raising (lowering) operators b†q (bq):
HB =
∑
q
ωqb
†
qbq . (5)
The electronic-vibrational coupling has the usual linear
form:
HSB =
∑
q
gq a
†
0a0(b
†
q + bq) , (6)
where gq is the electron-vibrational coupling constant. In
general, the electronic degrees of freedom in molecular
junctions can couple both to the intra-molecular as well
as environmental vibrational modes, the latter originat-
ing from the solvent or the surface on which the molecule
is deposited. We shall treat these interactions on an equal
footing (which is possible if one assumes thermalisation of
all the molecular and broader environmental vibrational
modes) through the so-called spectral density (SD). It is
formally defined as:
J (ω) =
∑
q
|gq|2δ(ω − ωq) , (7)
and describes the distribution of the vibrational modes
weighted by the strength of the electron-vibrational cou-
pling. Throughout this work we assume that all vi-
brational modes can be found in their thermal equilib-
rium state. Our approach therefore disregards any non-
equilibrium vibrational dynamics although we note that
it may affect the transport properties of the junction,
and may be especially important in the case of intra-
molecular vibrational modes.46,48
Let us note that the transport through molecular self-
assembled monolayers49,50 can also be modelled using
such Hamiltonian although the effects of inter-molecular
interactions (not included here) may play an important
role in those systems.51
III. THEORY
A. Polaron transformation
We first perform the polaron (Lang-Firsov) trans-
formation which eliminates the HSB term from the
Hamiltonian:52,53
H¯ = eGHe−G (8)
where G =
∑
q(gq/ωq) a
†
0a0(b
†
q − bq). This yields the
Hamiltonian in the polaron-transformed frame:
H¯ = H¯S + H¯SE +HE +HB ; (9)
H¯S =
(
ε0 −
∑
q
|gq|2
ωq
)
a†0a0 ≡ ε¯0 a†0a0 ; (10)
H¯SE =
∑
l,kl
VklX
†a†0ckl + V
∗
klc
†
kl
Xa0 . (11)
As can be seen above, the position of the molecular elec-
tronic energy level has been renormalised. Furthermore,
the displacement operators X and X† have been intro-
duced into the molecule-lead coupling Hamiltonian:
X = exp
[
−
∑
q
gq
ωq
(b†q − bq)
]
. (12)
Physically, their presence in Eq. (11) accounts for the
fact that the charging of the molecule is accompanied by
a displacement of the vibrational modes coupled to this
molecular level. Properties of the displacement operators
are extensively discussed, for instance, in Ref. 54.
B. Quantum Master Equation
We begin with a second-order quantum master equa-
tion within the Born approximation (valid in the non-
adiabatic regime33 of weak molecule-lead coupling) in the
form given by Yan:55
dρ(t)
dt
= −iLρ(t)−
∫ t
0
dτ〈L′(t)G(t, τ)L′(τ)G†(t, τ)〉ρ(t) ,
(13)
where the superoperators in the above are defined as:
L• ≡ [H¯S , •], L′• ≡ [H¯SE , •], and 〈. . .〉 denotes the
trace over all (phononic and fermionic) environmental
degrees of freedom. G(t, τ) is the (free) system propa-
gator: G(t, τ) ≡ e−iL(t−τ). It can be defined in Hilbert
space, as acting on an arbitrary operator A, by:
G(t)[A] = e−iH¯StAeiH¯St . (14)
In order to go beyond the second-order Born approxi-
mation (and similarly to what is done within the self-
consistent Born approximation56,57) we shall replace the
free system propagator G(t, τ) in Eq. (13) with an ef-
fective one, U(t, τ). When deriving the second-order
molecule-lead hopping rates, this as-yet-unknown effec-
tive propagator will account for the fact that the unitary
evolution of the relevant system operators is influenced
by the system-environment coupling, and allow us to in-
corporate the otherwise missing lifetime broadening into
our description.38
Let us first expand the commutators in Eq. (13), and
then replace the free propagator with U(t, τ) = U(t− τ).
This yields:
4dρ(t)
dt
= −i[H¯S , ρ(t)]−
∑
l
∑
kl
∫ t
0
dτ
{
C+kl(t− τ)B(t− τ)a0 U(t− τ)
[
a†0
]
ρ(t)− C−kl
∗
(t− τ)B∗(t− τ)a0 ρ(t)U(t − τ)
[
a†0
]
+C−kl(t− τ)B(t− τ)a
†
0 U(t− τ) [a0] ρ(t)− C+kl
∗
(t− τ)B∗(t− τ)a†0 ρ(t)U(t− τ) [a0]
+C−kl
∗
(t− τ)B∗(t− τ) ρ(t)U(t − τ)
[
a†0
]
a0 − C+kl(t− τ)B(t − τ) U(t− τ)
[
a†0
]
ρ(t)a0
+C+kl
∗
(t− τ)B∗(t− τ) ρ(t)U(t − τ) [a0]a†0 − C−kl(t− τ)B(t− τ) U(t− τ) [a0] ρ(t)a
†
0
}
,
(15)
In the equation above, we denoted C+kl(t − τ) =
|Vkl |2〈c†kl(t)ckl(τ)〉 and C−kl(t − τ) = |Vkl |2〈ckl(t)c
†
kl
(τ)〉.
B(t− τ) is the phononic correlation function defined as:
B(t− τ) = 〈X(t)X†(τ)〉 = Tr
[
X(t)X†(τ)ρB
]
, (16)
where ρB is the density matrix of the phonon bath. The
fermionic correlation functions can be written as:
∑
kl
C±kl(t) =
∫ ∞
−∞
dǫ
2π
Γ±l (ǫ) e
±iǫt , (17)
where Γ+l (ǫ) = Γl(ǫ)fl(ǫ) and Γ
−
l (ǫ) = Γl(ǫ)[1 − fl(ǫ)].
Here, Γl(ǫ) = 2π
∑
kl
|Vkl |2δ(ǫ−ǫkl) is the spectral density
for the lead l. The Fermi distributions in each of the leads
are given by: fl(ǫ) = (exp[(ǫ−µl)/kBT ]+1)−1, where µl
is the chemical potential of the lead l. Furthermore, for
thermalised vibrational modes the phononic correlation
function is given by:
B(t) = exp
[
−
∑
q
g2q
ω2q
(
Nq(1 − eiωqt)
+ (Nq + 1)(1− e−iωqt)
)]
, (18)
where Nq = (e
ωqβ− 1)−1 is the average excitation of the
mode q at the inverse temperature: β = 1/kBT . Using
the definition of the phononic spectral density, the above
can be written in a more convenient form:
B(t) = exp
[ ∫ ∞
0
dω
J (ω)
ω2
(
coth
(
βω
2
)
×
(
cosωt− 1)− i sinωt)] . (19)
In Eq. (15), we next substitute t′ = t − τ and, an-
ticipating that our interest will lie in the steady-state
limit, extend the integration limit to infinity and replace
ρ(t) with the stationary density matrix ρst such that:
dρst/dt = 0. The quantum master equation now takes
the form:
0 = −iLρst −
∑
l
∫ ∞
−∞
dǫ
2π
{∫ ∞
0
dt′ Γ+l (ǫ)e
+iǫt′×
B(t′)a0 U(t′)
[
a†0
]
ρst − ...
}
, (20)
and similarly for the rest of the terms. The solution
to the above QME is the stationary density matrix, ρst,
which will later be used to calculate the current flowing
through the junction.
C. The effective propagator
Before we determine the effective propagator required
in Eq. (20), let us briefly discuss the free propagator
present in Eq. (13). It is defined in Eq. (14), and
in the present case it yields: G(t)[a0] = a0eiε¯0t, and
G(t)[a†0] = a†0e−iε¯0t. One can easily see the origin of the
problem encountered within the standard Born approx-
imation. Since, in the second-order QME (13), it is as-
sumed that the evolution of the creation (annihilation)
operator is unaffected by the molecule-lead coupling, the
electron hopping described by this dissipator will not in-
clude lifetime broadening. Therefore, we replace the free
propagator with:
U(t)[A] = Tr
[
e−iH¯tAeiH¯t
]
, (21)
where A = {a0, a†0}, c.f. Ref. 38. In order
to determine U(t)[a0], let us consider the equations
of motion for a0(t) ≡ exp
(−iH¯t) a0 exp (iH¯t) and
ckl(t) ≡ exp
(−iH¯t) ckl exp (iH¯t) operators in the
polaron-transformed frame:
a˙0(t) = iε¯0a0(t)− i
∑
l,kl
VklX
†(t)ckl(t) ; (22)
c˙kl(t) = iǫklckl(t)− i V ∗klX(t)a0(t) . (23)
Using the Laplace transform, a0(z) =
∫∞
0 dte
−zta0(t), we
can turn this set of differential equations into an algebraic
5one:
za0(z)− a0(0) = iε¯0a0(z)− i
∑
l,kl
VklX
†(z)ckl(z) ; (24)
zckl(z)− ckl(0) = iǫklckl(z)− i V ∗klX(z)a0(z) . (25)
Eliminating the fermionic reservoir modes gives
[z − iε¯0] a0(z) = a0(0)−
∑
l,kl
|Vkl |2
z − iǫkl
a0(z)
− i
∑
l,kl
VklX
†(z)
z − iǫkl
ckl(0) , (26)
where, crucially, the displacement operators have can-
celled in the second term on the right-hand-side. We
disregard the final term (which vanishes when tracing
out the fermionic reservoirs), and replace the sum in the
second term with an integral:
∑
kl
|Vkl |2
z − iǫkl
→
∫ ∞
−∞
dǫl
2π
Γl(ǫl)
z − iǫl . (27)
We will assume that Γl(ǫl) is a Lorentzian, Γl(ǫl) =
Γl δ
2
l
ǫ2l + δ
2
l
, and to obtain the wide-band approximation,
set δl →∞.58 Consequently,
a0(z) =
1
z − iε¯0 + (ΓL + ΓR)/2 a0(0) . (28)
Moving back to the time domain, and defining Γ =
(ΓL + ΓR) /2, yields:
U(t) [a0] = a0e+iε¯0t−Γt , (29)
and similarly, for a†0, we obtain:
U(t)
[
a†0
]
= a†0e
−iε¯0−Γt . (30)
Let us stress here that the simplicity of the correction
to the Born approximation (e−Γt) is only possible due
to the (not immediately obvious) cancellation of the dis-
placement operators in Eq. (26). We note that the ef-
fective propagator of the type introduced here may over-
estimate the amount of lifetime broadening, see Ref. 22
for a detailed discussion. While more sophisticated ap-
proaches to determining the effective evolution in this
context have been developed (such as the self-consistent
approach of Galperin et al.59), their complexity would
prevent us from obtaining closed-form expressions for the
electric current through the junction – one of the main
objectives of this work.
D. Back to the Quantum Master Equation
Once again, we will take Vkl = Vl = const. and assume
the wide-band approximation. Then, Γl(ǫ) in Eq. (17)
becomes Γl = 2π|Vl|2̺l where ̺l is the constant density of
states in lead l. Inserting Eqs. (29, 30) into the Quantum
Master Equation, allows us to express it in a surprisingly
simple form:
0 = −i[H¯S , ρst] +
∑
l
{
υl
(
a†0ρsta0 − a0a†0ρst
)
+ υ∗l
(
a†0ρsta0 − ρsta0a†0
)
+ υ¯l
(
a0ρsta
†
0 − a†0a0ρst
)
+ υ¯∗l
(
a0ρsta
†
0 − ρsta†0a0
)}
, (31)
where the rates υl and υ¯l can be inferred from Eq. (20).
The solution to the above, in the basis of the neutral and
charged molecular states, can be written as:
ρst =
( γ¯L + γ¯R
γL + γR + γ¯L + γ¯R
0
0
γL + γR
γL + γR + γ¯L + γ¯R
)
,
(32)
where the rates in the above are defined as γl = 2Re[υl],
γ¯l = 2Re[υ¯l], and given by:
γl = 2 Re
[
Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ)
∫ ∞
0
dτ e+i(ǫ−ε¯0)τe−ΓτB(τ)
]
; (33)
γ¯l = 2 Re
[
Γl
∫ ∞
−∞
dǫ
2π
[1− fl(ǫ)]
∫ ∞
0
dτ e−i(ǫ−ε¯0)τe−ΓτB(τ)
]
. (34)
We note that coherences between the two charge states
vanish (and are generally decoupled from the electronic
populations). This is in fact universally true, and is not
a consequence of the approximations made herein.60 The
quantum master equation (31) has a secular form, and
consequently we only need to consider the real parts of
the response functions, as shown above. The steady-state
current through the molecule at the left and right con-
6FIG. 3. Transport characteristics for an electronic level coupled to a super-ohmic phonon bath with λ = 150 meV and Ωc = 25
meV. (a) IV characteristics on resonance: ε¯0 = 0 meV. (b) IV characteristics off resonance with ε¯0 = 160 meV. (c,d) Stability
diagrams calculated for the case asymmetric coupling ΓL = 10ΓR using the (c) GQME, and (d) NEGF approach. T = 10 K
and ΓR = 2 meV throughout.
tacts is equal and opposite. Let us consider the right
contact where it can be expressed (again, in the units of
~) simply as: I = e ( γRρ00,st − γ¯Rρ11,st).61,62 Together
with Eq. (32) this gives the generic expression:
I = e
γLγ¯R − γRγ¯L
γL + γR + γ¯L + γ¯R
. (35)
The above expression, together with Eqs. (33,34), consti-
tutes the GQME approach as denoted in Fig. 1, and will
serve as a basis for the remainder of this work.
E. Comparison to NEGF
Firstly, let us note that in the limit of vanishing
electron-phonon coupling [when B(t) = 1], the above ap-
proach recovers the usual Landauer-Bu¨ttiker (LB) ex-
pression for current through a single non-interacting
level, see Appendix A.
In the presence of electron-phonon coupling, the ex-
pression (35) together with Eqs. (33, 34) yields a result
that is encouragingly similar to that derived using the
non-equilibrium Green function (NEGF) approach,63–65
for convenience given in Appendix B. The difference be-
tween the NEGF result given in Eq. (B1) and the one
derived here stems predominantly from the fact that our
result was derived by first determining the steady-state
density matrix ρst, and consequently it accounts for the
charge state of the molecular system [unlike Eq. (B1),
see Ref. 63]. This is perhaps best demonstrated with a
numerical example. In what follows, we apply the bias
voltage symmetrically µl = ±eVb/2 and, for simplicity,
assume that the electronic level considered here is cou-
pled to a phonon bath with a structureless super-ohmic
spectral density:
J (ω) = λ
2
(
ω
Ωc
)3
e−ω/Ωc , (36)
where λ is the reorganisation energy, and Ωc is the cut-off
frequency.
First, in Fig. 3(a) we show the IV characteristics cal-
culated for the case of symmetric molecule-lead coupling
(ΓL = ΓR) and the molecular energy level being on reso-
nance (ε¯0 = 0). The GQME and NEGF results give rise
to identical IV characteristics (it can be shown that this
is always the case on resonance, i.e. when ε¯0 = 0).
The more interesting case is one of asymmetric
molecule-lead coupling (ΓL 6= ΓR) when the molecule
does not lie on resonance (ε¯0 6= 0). If one of the rates
is much greater than the other, the molecule is almost
always occupied (or empty, depending on the sign of Vb).
That means that depending on the direction of the cur-
rent it is either the hopping on or off the molecule that is
the overall bottleneck of the transport. In the presence of
vibrational coupling and when the molecular level lies off
resonance, this means that different inelastic processes
control the overall current which results in current rec-
tification (asymmetric IV characteristics).26 This effect
has been observed experimentally,66,67 and as shown in
Fig. 3(b) is captured by the GQME approach. On the
other hand, the NEGF result always remains symmetric
with respect to the direction of the current flow as can be
easily seen from Eq. (B1) (as long as the bias is applied
symmetrically). In Figs. 3(c,d) we show the stability di-
agrams (maps of current as a function of the applied bias
and gate voltage) calculated using the NEGF and GQME
approaches for the case of asymmetric molecule-lead cou-
pling. The GQME quantum master equation once again
captures the asymmetry of the transport characteristics
whereas the NEGF approach predicts a result that is
symmetric with respect to the bias voltage. More sophis-
ticated NEGF approaches (of the type first developed by
Galperin et al.59) can capture the current rectification
pictured in Figs. 3(b,c)68 but they do not posses the ap-
pealing simplicity of the methods considered herein.
In summary, our result is in a complete agreement with
the scattering approach given in Appendix B on reso-
nance, as well as for vanishing electron-phonon coupling.
In the case of asymmetric molecule-lead coupling, it can
also account for current rectification (which as discussed
above is not simply an artefact of the GQME method)
– an effect not captured by the scattering approach con-
sidered here.
7FIG. 4. (a) Dimensionless electron-phonon coupling parameters as a function of the vibrational frequencies ωq, from Ref. 15.
Inset: the molecular structure of the curcuminoid molecule considered therein. (b,c) Continuous spectral densities obtained
from the above coupling parameters with (b) η = 1 meV, Λ = 50 meV, and (c) η = 50 meV, Λ = 60 meV. (d) IV characteristics,
and (e) their derivatives (differential conductance; dI/dVb) obtained for transport through the 9ALCccmoid-based junction.
ΓL = ΓR = 1 meV, ε¯0 = 0, and T = 4 K in both instances.
F. Microscopically-motivated coupling
Before we proceed to study the transport behaviour at
higher temperatures, we first take this opportunity and
use our GQME result to analyse the low-temperature
transport characteristics of a particular molecular system
with the aid of DFT calculations. We shall consider a
molecular junction incorporating the curcuminoid-based
molecule, Fig. 4(a), recently studied experimentally by
Burzur´ı and coworkers.15 The authors estimated the
electron-vibrational coupling strength (of the anionic
charge state) for each of the molecular vibrational modes
using the method described in Ref. 69, as follows: Firstly,
one performs the geometry optimisation of the neutral
and charged (here anionic) structure. By comparing the
two geometries the so-called Duschinsky shift vector can
be obtained from which the dimensionless gq/ωq quantity
can be easily determined for each of the molecular vibra-
tional modes.70,71 The result of this calculation (from
Ref. 15) is for convenience shown in Fig. 4(a).
At this point there are two ways in which we can pro-
ceed. We can either (i) assume the molecular vibra-
tional modes are infinitely long-lived, or (ii) introduce a
small amount of damping and combine all these electron-
vibrational couplings into a single smooth spectral den-
sity. In both instances the total spectral density can be
obtained simply as a sum:
Jtot(ω) =
∑
q
Jq(ω) , (37)
where Jq(ω) is a spectral density for the vibrational mode
q. For the the infinitely long-lived (undamped) modes, it
is simply: Jq(ω) = |gq|2δ(ω − ωq). In the latter case, we
shall assume that Jq(ω) takes the form given by Roden
et al.:72
Jq(ω) =
(gq/ωq)
2 η ω3 e−ω/ΛΘ(ω)
π2η2ω2e−2ω/Λ + (ω − ωq + ηΛ− ηωe−ω/ΛEi(ω/Λ))2
,
(38)
where Θ(ω) is the unit step function, and Ei(x) denotes
the exponential integral. The above expression was ob-
tained by assuming that the molecular modes are coupled
8to a secondary ohmic phonon bath (with a cut-off fre-
quency Λ and a reorganisation energy ηΛ). Figs. 4(b,c)
show two damped spectral densities obtained in this way
from the ab initio vibrational coupling strengths plotted
in Fig. 4(a) for illustrative values of η and Λ.
We begin, in Fig. 4(d), by calculating the IV char-
acteristics on resonance at T = 4 K for the case of cou-
pling to the undamped vibrational modes, the continuous
spectral densities from Figs. 4(b,c), as well as the case
of no vibrational coupling (the Landauer-Bu¨ttiker limit).
Coupling to undamped and only slightly damped [JI(ω),
Fig. 4(b)] vibrational modes reassuringly delivers almost
identical behaviour. Significantly different characteris-
tics can be observed in the case of much greater damping
[JII(ω), Fig. 4(c)]. These differences are clearly visible in
the plot of differential conductance (dI/dVb) in Fig. 4(e).
At zero bias, the junction is markedly less conductive in
the case of coupling to the undamped molecular modes.
This can be explained by significant damping of the low-
frequency vibrational modes in JII(ω).
Somewhat surprisingly, the structure of the transport
characteristics [peaks in the differential conductance,
Fig. 4(e)] even in the undamped case cannot be easily cor-
related with the individual molecular vibrational modes.
The origin of this behaviour can be traced back to the
two low-frequency vibrational modes that are strongly
coupled (with gq/ωq > 1) to the electronic degree of free-
dom, see Fig. 4(a). To understand this effect let us con-
sider transport through an electronic level coupled to a
vibrational mode with frequency ωQ (with an interme-
diate coupling strength, gq/ωq < 1). In the absence of
strong coupling to any low-frequency modes, one would
expect to observe a peak in the differential conductance
for bias voltage such that eVb = 2ωQ (for symmetrically
applied bias, and on resonance). This corresponds to
an excitation of the vibrational mode in question, and a
simultaneous ground-state-to-ground-state transition for
all the remaining vibrational modes. However, when
the molecular electronic level is also strongly coupled to
a certain low-frequency mode (with frequency ωP ), the
aforementioned transition is no longer efficient due to
the poor Franck-Condon overlap for the ground-state-to-
ground-state transition of the mode P . Instead, the visi-
ble peaks in the differential conductance (corresponding
to efficient inelastic transitions) occur for the simultane-
ous excitation of both the Q and P modes, and therefore
at eVb = 2(ωQ+nωP ) where n is a positive integer. The
situation complicates further when, as is the case here,
ωP is smaller than the lifetime broadening Γ. Then, the
off-set of the original peak is no longer simply an integer
amount of ωP since the individual excitations of mode P
can no longer be resolved. Fig. 5(a) shows the differential
conductance calculated for parameters as in Fig. 4(e) but
ignoring the two strongly coupled low-frequency modes.
Disregarding coupling to these modes recovers the ex-
pected behaviour – the differential conductance now fea-
tures a set of peaks which can easily be correlated with
specific vibrational excitations.
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FIG. 5. (a) Differential conductance on resonance (ε¯0 = 0) as-
suming coupling to the undamped modes in Fig. 4(a) with the
exception of the two strongly-coupled, low-frequency modes.
(b) Renormalised zero-bias conductance as a function of the
gate voltage in the case of coupling to undamped vibrational
modes: ε¯0 = −|e|Vg. Molecule-lead coupling - ΓL = ΓR = 1
meV; T = 4 K.
We also demonstrate the effect of these low-frequency
modes on the zero-bias conductance. Fig. 5(b) shows
dI(Vb = 0)/dVb as a function of the gate voltage. The
coupling to the low-frequency modes significantly affects
the width of the conductance peak, which is often used to
extract the lifetime broadening Γ. The values extracted
in such a way should therefore be treated with caution.73
Finally, we once again stress that our approach as-
sumes that (here, the intra-molecular) vibrational modes
are thermalised at all times (to the same temperature as
the fermionic reservoirs). This constitutes an important
limitation of our approach, since the above assumption
is not necessarily always valid as it has been observed
experimentally66, and discussed theoretically.23,25,48,74,75
IV. HIGH(ER)-TEMPERATURE LIMITS
In this Section, we derive a number of approximations
of Eqs. (33, 34) valid at increasing temperatures. This
collection of results yields a tiered set of approximations
to the original GQME, schematically pictured in Fig. 1.
As we shall demonstrate, two different approximations
need to be made within the GQME to arrive at the well
known Marcus theory – one regarding the phononic cor-
relation function, and one regarding the e−Γτ correction.
The order in which they ought to be made (and thus the
pathway taken in Fig. 1) depends on the relative mag-
nitudes of the lifetime broadening (quantified by Γ) and
9the cut-off frequency of the phonon bath (describing the
distribution of the vibrational modes).
A. Born-Markov approximation
We begin by recognising that the e−Γτ term only leads
to broadening of the IV characteristics. Broadening of
the Fermi distributions in the leads (at non-zero T ) will
have the same effect, and so the aforementioned correc-
tion can be ignored in the limit of kBT ≫ Γ. This triv-
ially recovers the result obtained within the usual second
order Born-Markov (BM) approximation with respect to
the leads (in the polaron-transformed frame):61,76
γBMl = 2 Re
[
Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ)
∫ ∞
0
dτ e+i(ǫ−ε¯0)τB(τ)
]
;
(39)
γ¯BMl = 2 Re
[
Γl
∫ ∞
−∞
dǫ
2π
[1− fl(ǫ)]
∫ ∞
0
dτ e−i(ǫ−ε¯0)τB(τ)
]
.
(40)
B. Marcus theory
In order to derive the semi-classical Marcus the-
ory (MT), we take the limit of high temperature in
Eqs. (39,40) and assume a slowly fluctuating (low-
frequency) environment.77 For the phononic correla-
tion function, Eq. (19), this allows us to approximate:
coth(βω/2) ≈ 2/βω, cos(ωt) − 1 ≈ −ω2t2/2, and
sin(ωt) ≈ ωt. This simplifies the phononic correlation
function to
B(t) ≈ exp (−λt2/β − iλt) , (41)
where λ is the reorganisation energy, formally defined as:
λ =
∫ ∞
0
dω
J (ω)
ω
=
∑
q
|gq|2
ωq
. (42)
Performing the one-sided Fourier transform leads to:
γMTl = 2 Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ)
√
π
4λkBT
× exp
(
− [λ− (ǫ− ε¯0)]
2
4λkBT
)
; (43)
γ¯MTl = 2 Γl
∫ ∞
−∞
dǫ
2π
[1− fl(ǫ)]
√
π
4λkBT
× exp
(
− [λ+ (ǫ− ε¯0)]
2
4λkBT
)
. (44)
These are the well-known expressions for the rates
of the electron hopping between a metallic electrode
and a molecular energy level, as described by Mar-
cus theory33,78,79 (in the field of electrochemistry it
sometimes referred to as Marcus-DOS or Marcus-Hush-
Chidsey theory).80–83 These expressions have been com-
monly used to study the charge transport through redox
molecular junctions16,84–89 also in the case of multiple
transport channels.90
C. Modified Marcus theory
A major advantage of Marcus theory, besides its ap-
parent simplicity, is the fact that the entire complexity
of the phononic spectral density (which is often unknown
in molecular systems) is reduced to a single parameter:
the reorganisation energy, λ. This is especially impor-
tant in the context of experimental studies where λ can
act as a fitting parameter. However, as we shall demon-
strate (also see Ref. 91), MT often inadequately describes
the low-temperature behaviour of molecular junctions: it
severely overestimates vibrational effects at low frequen-
cies, and underestimates them at high frequencies [which
is a consequence of the approximations made to arrive
at Eq. (41)]. Our goal here is to develop an extension
of Marcus theory which will (at least partially) rectify
those shortcomings at intermediate temperatures, whilst
retaining most of its simplicity.
In deriving Marcus theory, we have approximated
coth(βω/2) as 2/βω. Here we shall expand this term to
the second order: coth (βω/2) ≈ 2/βω+βω/6. Following
the same procedure as in the previous section yields an
almost equally simple result:
γMMTl = 2 Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ)
√
π
4λkBT + χ/3kBT
exp
(
− [λ− (ǫ− ε¯0)]
2
4λkBT + χ/3kBT
)
; (45)
γ¯MMTl = 2 Γl
∫ ∞
−∞
dǫ
2π
[1− fl(ǫ)]
√
π
4λkBT + χ/3kBT
exp
(
− [λ+ (ǫ− ε¯0)]
2
4λkBT + χ/3kBT
)
. (46)
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FIG. 6. (a) IV characteristics on resonance (ε¯0 = 0 eV) at different temperatures. The molecular energy level is coupled to a
vibrational environment with the SD of Eq. (36) with λ = 140 meV and Ωc = 25 meV (χ = 0.0011 eV
3); ΓL = ΓR = 5 meV.
(b) Plots of K(ǫ), sum of the energy-dependent hopping rates, for parameters as in (a).
In the above, a new parameter describing the electron-
phonon coupling (χ) has been introduced
χ =
∫ ∞
0
dω ω × J (ω) =
∑
q
|gq|2ωq . (47)
The rates in Eqs. (45,46) constitute what we refer to here
as the Modified Marcus theory. It is clear that χ/3kBT
acts as a low-temperature correction to MT which van-
ishes for high T . As we shall demonstrate (vide infra),
the Modified Marcus theory removes some of the arte-
facts of MT while largely retaining its mathematical sim-
plicity.
What is the physical meaning of the parameter χ?
It accounts for the coupling to higher frequency vibra-
tional modes for which the high-temperature assumption
of MT is not justified. The correction in Eqs. (45,46)
thus vanishes if the vibrational modes have frequencies
much lower than kBT . It is also clear that the hopping
rates derived above do not have the typical Arrhenius
form (which is however recovered at high temperatures).
Let us now demonstrate the effectiveness of the Mod-
ified Marcus theory on a numerical example. We will
again assume that the electron-phonon coupling can be
described by the spectral density given in Eq. (36) and
consider a case of coupling to relatively high-frequency
vibrational modes. In Fig. 6, we plot the IV charac-
teristics obtained using various theoretical approaches
for increasing temperature (left-hand-side of diagram in
Fig. 1). Due to relatively small lifetime broadening, the
GQME and BM approaches yield very similar results,
and we shall omit the latter for clarity. Marcus approach
gives rise to certain artefacts at lower temperatures: cur-
rent suppression at low bias voltage (effectively a spurious
Franck–Condon blockade), and current plateaus at artifi-
cially low Vb. The origin of these features can be directly
traced back to the assumptions made in the derivation of
Marcus theory (Section IVB). As can be seen in Fig. 6,
the Modified Marcus theory successfully rectifies these
shortcomings at intermediate temperatures (at least at a
qualitative level). It performs best in the regime where
the χ/3kBT correction is smaller than the 4λkBT fac-
tor giving rise to the criterion: χ/λ < 12(kBT )
2. In the
case of the super-ohmic SD used here this becomes simply
kBT > Ωc. At lower temperatures, the correction at hand
leads to an underestimation of the current in the resonant
regime (see Fig. 6) and its overestimation off resonance.
This can be explained as follows: the energy-dependent
hopping rates in the GQME (or the Born-Markov) ap-
proach are not symmetric around ǫ = ε¯0 ± λ. Mean-
while, the χ/3kBT correction introduced in the Modified
Marcus theory induces a symmetric broadening of the
Gaussian rates (predicted by MT). For very low temper-
ature, this additional broadening gives rise to the effects
discussed above.
To further investigate the Modified Marcus approach,
let us plot the quantity K(ǫ) = K+(ǫ) + K−(ǫ), where
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K±(ǫ) are given by
K±(ǫ) = Re
∫ ∞
0
dτ e±iǫτ−ΓτB(τ), (48)
and are directly proportional to the energy-dependent
hopping rates present in Eqs. (33,34). As discussed in
Section III E, on resonance, K(ǫ) directly determines the
transport characteristics. Fig. 6(b) shows K(ǫ) obtained
using the phononic correlation functions as present in the
GQME and the Marcus approaches at different tempera-
tures (let us note that the lifetime broadening Γ is set to
zero in both of the Marcus approaches). Several aspects
of transport characteristics plotted in Fig. 6(a) become
more clear. Firstly, we notice the presence of a peak at
ǫ = 0 in the GQME result. It corresponds to an elas-
tic (ground state-to-ground state) electron hopping, and
is naturally missing in both of the Marcus approaches
which, as the result, significantly underestimate the zero-
bias conductance. Secondly, within the Marcus approach
K±(ǫ) are Gaussian functions centred at ǫ = ±λ. At a
given temperature, their width is determined solely by
the reorganisation energy. This may give rise to artefacts
visible in Fig. 6(a). On the other hand, within the Modi-
fied Marcus approach, the width of these Gaussian func-
tions is also influenced by the parameter χ, which there-
fore, at intermediate temperatures, removes the spurious
effects present in the usual Marcus treatment.
Can the (Modified) Marcus theory be applied to the
curcuminoid-based junction from Section III F? Firstly,
the Marcus approaches cannot capture the effects of the
structure of the spectral density on the transport charac-
teristics. On a qualitative level, they can therefore only
be valid at temperatures at which the structure of the
transport characteristics is washed away by the thermal
broadening of the Fermi distributions in the leads. Sec-
ondly, the collection of the molecular vibrational modes
in Section III F is predominantly of very high frequency
– ωq is much larger than kBT at 300 K for most of the
modes. Consequently, the high-temperature assumption
of MT will only be satisfied well above room temperature.
Similarly, the criterion for the applicability of the Mod-
ified MT yields the temperature of over 600 K. As the
result, the IV characteristics obtained using the GQME
approach at room temperature will differ quite markedly
from those obtained using the (Modified) Marcus theory.
However, one may expect the Marcus approaches to accu-
rately describe the low-bias transport which is influenced
predominantly by the low-frequency vibrational modes
(for which the high-temperature assumption of MT is
justified). Additionally, the molecular system in the junc-
tion can also be coupled to environmental low-frequency
modes (of the substrate or the solution in which the junc-
tion is immersed). If this coupling dominates, one should
expect the room-temperature validity of (M)MT to be re-
covered.
D. Lifetime-broadened Marcus theory
Let us now return to Eqs. (33, 34) and assume that
the molecular level interacts predominantly with a rela-
tively low-frequency vibrational environment while Γ is
comparable to kBT . We can then take the same limits as
in Section IVB (but retaining the lifetime broadening)
to yield:
γLBMTl = 2 Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ) Re
[√
π
4λkBT
exp
(
(Γ− iν+)2
4λkBT
)
erfc
(
Γ− iν+√
4λkBT
)]
; (49)
γ¯LBMTl = 2 Γl
∫ ∞
−∞
dǫ
2π
[1− fl(ǫ)]Re
[√
π
4λkBT
exp
(
(Γ− iν−)2
4λkBT
)
erfc
(
Γ− iν−√
4λkBT
)]
, (50)
where, for brevity, ν± = λ∓ (ǫ− ε¯0), and erfc(x) denotes
the complementary error function. Eqs. (49, 50) form
the basis of what we refer to as the Lifetime-broadened
Marcus theory (LBMT).
Naturally, ignoring the lifetime broadening, by setting
Γ = 0 in Eqs. (49, 50), again gives Marcus theory. On the
other hand, by taking the limit λ → 0, one can recover
the Landauer–Bu¨ttiker expression for transport through
a single non-interacting level (in a way analogous to what
has been done in Appendix A).
What happens for comparable λ and Γ? Off resonance
(eVb/2 < ε¯0), lifetime-broadened Marcus transport inter-
polates between the results obtained using Marcus theory
and the LB formalism, as shown in Fig. 7(a). In other
words, the otherwise elastic Landauer-Bu¨ttiker transport
is suppressed by the vibrational coupling, or conversely,
the incoherent Marcus transport is enhanced in the pres-
ence of lifetime broadening. In the off-resonant regime,
transport occurring solely through the hopping mecha-
nism (as described by Marcus theory) yields lower values
of current than the purely elastic transport (for given
ΓL and ΓR). We believe this to be generally the case
for the single-site model studied here. With the molec-
ular energy level within the bias window (eVb/2 > ε¯0),
Lifetime-broadened Marcus theory yields lower values of
current than the remaining transport mechanisms since
it includes all sources of broadening of the IV character-
istics (lifetime, phonon, and thermal broadening of the
Fermi distributions), see Fig. 7(b).
The temperature dependence of the zero-bias conduc-
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FIG. 7. (a,b) IV characteristics obtained using the Landauer–Bu¨ttiker formalism, Marcus theory and Lifetime-broadened
MT for T = 240 K, and symmetric molecule-lead coupling: ΓL = ΓR = 15 meV. (c,d) Zero-bias conductance in units of the
conductance quantum, G0. The reorganisation energy in the MT and Lifetime-broadened MT was set to λ = 0.14 eV. The
position of the energy level: (a) ε¯0 = 0.3 eV; (b) ε¯0 = 0 eV; (c) ε¯0 = 0.1 eV; (d) ε¯0 = 0.5 eV. For consistency the same
(renormalised) position of the energy level was used within the Landauer–Bu¨ttiker approach.
tance is often used experimentally to identify the trans-
port mechanism. We consider two cases with the en-
ergy level lying ε¯0 = 0.1 eV and 0.5 eV above the Fermi
energy of the unbiased leads, in the temperature range
between 150 and 350 K. In both cases, the elastic LB
transport exhibits a weak temperature dependence (al-
though much more pronounced closer to resonance) stem-
ming from the thermal broadening of the Fermi distri-
butions in the leads. The temperature dependence of
Marcus hopping is dominated by the Arrhenius character
of the MT rates giving rise to almost linear dependence
of log(G/G0) on inverse temperature (G0 is the conduc-
tance quantum), see Figs. 7(c,d). Perhaps surprisingly,
lifetime-broadened Marcus transport does not manifest
such linear behaviour. Since in the off-resonant regime
the elastic (LB) transport through a single-site junction
is always more efficient than the incoherent Marcus hop-
ping, even modest amount of lifetime broadening (as in-
corporated in LBMT) will have a profound effect on the
off-resonant conductance.
Let us now repeat the calculation from Fig. 6(a) for
the case of lower cut-off frequency Ωc. As can be seen
in Fig. 8(a), MT gives rise to the same artefacts as in
Section IVC. Incorporating the lifetime broadening (as
is done in LBMT) yields a better agreement with the
GQME result, especially at low temperatures.
We also consider the case of off-resonant transport
regime at high temperature, see Fig. 8(b). Therein,
Lifetime-broadened MT is in an excellent agreement with
the GQME result. On the other hand, Marcus theory
greatly underestimates the molecular conductance. As
shown here, lifetime broadening appears to be a vital
part of the transport description off resonance, even at
temperatures significantly exceeding Γ.
Typically, resonant transport (as described by the
Landauer–Bu¨ttiker formalism) and semi-classical elec-
tron hopping (Marcus theory) are regarded as two dis-
tinct transport mechanisms, see for instance discussion
in Ref. 16. As shown here, it is possible to capture both
of these phenomena in a simple unifying expression. It is
also apparent that the elastic (Landauer–Bu¨ttiker) trans-
port and Marcus hopping cannot be considered indepen-
dently (the total conductance is clearly not a sum of these
two contributions). While Marcus theory may reasonably
well describe the resonant transport regime, its use in the
off-resonant case is highly questionable.
Finally, analogously to what has been done in Section
IVC, in deriving Eqs. (49, 50) keeping the higher-order
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FIG. 8. (a) IV characteristics on resonance (ε¯0 = 0 eV) at
different temperatures. (b) Transport characteristics in the
off-resonant regime at T = 300 K, ε¯0 = 0.3 eV. In both (a)
and (b), the molecular energy level is coupled to a vibrational
environment with SD of Eq. (36) with λ = 140 meV and
Ωc = 12 meV; ΓL = ΓR = 8 meV.
term in the expansion of coth (βω/2) results in expres-
sions equivalent to Eqs. (49, 50) but with 4λkBT terms
replaced by 4λkBT + χ/3kBT . This is what we refer to
in Fig. 1 as the Modified Lifetime-broadened MT.
V. CONCLUDING REMARKS
In this work, we derived an expression for current
through a molecular junction, modelled as a single elec-
tronic level coupled to a bath of thermalised vibra-
tional modes. In appropriate limits it recovers the well-
established Marcus theory (Section IVB), the perturba-
tive Born-Markov result (Section IVA), as well as the
Landauer–Bu¨ttiker expression for transport through a
non-interacting electronic level (Appendix A). We have
also derived certain extensions of Marcus theory contain-
ing: a low-temperature correction (Section IVC); lifetime
broadening (Section IVD); and both of the above simul-
taneously (also in Section IVD). We have shown that
Marcus theory description of transport through molecu-
lar junctions gives rise to several artefacts: In the res-
onant tunnelling regime, it often predicts a spurious
Franck–Condon blockade and early plateaus in the IV
characteristics. Off resonance, due to the absence of life-
time broadening, it greatly underestimates the molecular
conductance. These issues can be rectified by our here-
derived Modified Marcus theory and Lifetime-broadened
Marcus theory, respectively.
We have applied our framework to electron-vibrational
coupling that was described by both a structureless and
a structured spectral density. The former can account
for coupling to a broader environment: the solvent92–97
or the substrate on which the molecule is deposited.20,98
The latter describes coupling to the intra-molecular vi-
brational modes and was obtained with the help of ab
initio calculations.
We believe that the theoretical framework established
here will prove especially useful in interpreting exper-
imental single-molecule and self-assembled monolayer
transport measurements. Its simplicity should further al-
low for fitting of the empirical data, and thus extracting
various parameters such as the vibrational reorganisation
energy and the molecule-lead coupling strengths.
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Appendix A: Limit of no vibrational coupling
It is instructive to consider the expression (35) in the
limit of zero electron-vibrational coupling: J (ω) = 0,
and consequently B(t) = 1. Then,
γl = 2 Re Γl
∫ ∞
−∞
dǫ
2π
fl(ǫ)
∫ ∞
0
dτei(ǫ−ε0)τe−Γτ , (A1)
and equivalently for γ¯l. The one-sided Fourier transform
Ψ(ǫ) = Re
∫∞
0 dτ exp [(+i(ǫ− ε0)− Γ) τ ] can be easily
evaluated:
Ψ(ǫ) =
Γ
Γ2 + (ǫ − ε0)2 . (A2)
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The numerator in Eq. (35) is given by:
γLγ¯R − γRγ¯L = 2ΓLΓR
∫ ∞
−∞
dǫ
2π
[fL(ǫ)− fR(ǫ)]Ψ(ǫ) ,
(A3)
and the denominator simplifies to:
∑
l=L,R
γl+ γ¯l =
∑
l=L,R
2 Γl
∫ ∞
−∞
dǫ
2π
Ψ(ǫ) =
∑
l=L,R
Γl . (A4)
This yields the following expression for the current:
I = e
∫ ∞
−∞
dǫ
2π
[fL(ǫ)− fR(ǫ)] ΓLΓR
(ǫ− ε0)2 + Γ2 , (A5)
which is the usual Landauer-Bu¨ttiker expression for a
single non-interacting level.99
Appendix B: NEGF Result
The problem considered here has been approached
using the non-equilibrium Green function (NEGF) ap-
proach by a number of authors.22,63–65,100,101 Here, for
convenience, we give the result in the form derived by
Jauho et al.64. Using the same notation as in the main
body of this work, the electric current is given by:
I =
e
~
ΓLΓR
ΓL + ΓR
∫ ∞
−∞
dǫ
2π
[fL(ǫ)− fR(ǫ)]
∫ ∞
−∞
dτeiǫτa(τ) ,
(B1)
where a(τ) = i[Gr(τ)−Ga(τ)]. The retarded Green func-
tion is given by:
Gr(τ) = −iθ(τ) e−iτ ε¯0e−ΓτB(τ) . (B2)
In the above, θ(τ) is the Heaviside step function, and
Ga(τ) = [Gr(−τ)]†.
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